Abstract. This work is concerned with a theoretical study of a new fourth-order finite-difference scheme for spatially discretizing the discrete-ordinates equations for solving numerically the slab transport (Boltzmann) equation. This analysis considers the quadratic continuous method, whose derivation parallels that of the commonly used diamond difference and linear discontinuous schemes from balance equations for particle conservation across a spatial cell. We provide a convergence analysis of this method and prove that superconvergence phenomena are present for cell-edge and cell-average fluxes. We also present results from an S2-test problem to show that the asymptotic convergence rates are observed on rather coarse spatial meshes.
1. Introduction. Several recent articles [1] , [3] [4] [5] [6] [7] [8] [9] [10] have considered various finite-difference approximations to the discrete-ordinates equations for linear transport in slab geometry. In particular, Larsen and Miller [5] , and Lee and Vaidyanathan [7] , have obtained estimates of the orders of the discretization errors for several of these methods as applied to transport along a fixed direction without scattering. Many of the results in these works were extended by Larsen and Nelson [6] who showed that the orders of discretization errors obtained in the aforementioned works remain valid for the monoenergetic, discrete-ordinates approximation with scattering. The specific difference methods considered by Larsen and Nelson are the step characteristic, diamond difference, linear discontinuous, linear characteristic, linear moments, and quadratic methods described in [1] , [5] . One of the salient results in the work by Larsen and Nelson is that the discretization errors for the cell-edge and cell-average flux approximates to the linear characteristic and quadratic methods of Gopinath et al., and of Vaidyanathan [4] , [9] , [10] , are of order four, whereas the discretization errors for the corresponding approximates to the widely used linear discontinuous method are of order three. These theoretical results had been confirmed numerically by Larsen and Miller in [5] , who found that the asymptotic convergence rates for the cell-edge and cell-average fluxes to the linear characteristic and quadratic methods can be observed on coarser meshes than for the lesser rate of order three fgr the corresponding fluxes of the linear discontinuous method. For these reasons, the linear characteristic method was selected in [5] to be the most preferable method for ettecting slab geometry transport calculations.
It is well known that both the widely used diamond difference and linear discontinuous methods can be adapted to effect calculations in more complicated, onedimensional transport media than planar (e.g., in one-dimensional spherical and cylindrical geometries). The question is certainly begged then of generalizing the "balance equation approach" yielding these two methods in order to obtain more accurate methods. One such method considered in this paper is the quadratic continuous method suggested to the second author by E. Larsen. A quadratic approximation to the discrete-ordinates angular flux is constructed over a spatial mesh from the known entering flux along with the exciting flux and the cell-averaged flux obtained from the two balance equations. We shall see in our analysis that the discretization errors for the cell-edge and cell-average fluxes are one order higher than the third-order discretization errors for these flux quantities computed by the widely used linear discontinuous method. Also, we point out that the storage requirements of the quadratic continuous method are similar to those of the linear discontinuous method. These considerations have prompted us to deem the quadratic continuous method worthy of theoretical and numerical study.
Although the orientation of this work is analytical, we shall address some of the potential problems which arise in implementing the quadratic continuous method computationally. One such problem will be to devise a technique to make this method "positive" so that nonnegative flux approximations are computed from nonnegative source data. Also, we perform preliminary numerical experiments with a sample benchmark problem [5, p. 81] to see whether the theoretically derived asymptotic rates of convergence can be observed on relatively coarse meshes. In a separate paper, we shall report the results from computer studies using other benchmark problems [1] . These compare, for the linear characteristic method, the quadratic continuous method, and some schemes of order six, the computer times required to complete one inner iteration and the storage requirements needed to obtain an approximation to the cell-edge and cell-average fluxes to within a given accuracy.
We refer the reader to [6, 2] [1] , [5] , the assumption of linearity of 6i(x), x Ci, enables only one balance equation to be solved for the right-edge flux 0i(xi+/2), /xi>0 (0i(xi-/2), /xi<0) in terms of the internal sources and (x/-/2) (respectively, $g(xi+/2)), since the zeroth spatial moment of then becomes known. Analogously, in the quadratic continuous method, the assumption of a quadratic behavior of $(x) over each Cj enables us to utilize two balance equations to be solved for the right-edge flux (/xi > 0) or the left-edge flux (/xi < 0), and the zeroth spatial moment of 6 on C/ in terms of the internal sources and corresponding (known) edge fluxesmthe first spatial moment of $i having been known when 6 is assumed quadratic over
The fundamental equation, whose solution we approximate, is 
(with {/xg: 1 <= <-N} the weights associated with the quadrature nodes). Proof. We shall ultimately prove that (in the sup-norm), (2.8) II(LocMLc L)(S + q)ll O(h 3) over any quasiuniform family of nets, where SO --q is the right-hand side of (2.7a), with tr(x), x e C i, a common factor to both terms, and L is the operator defined for f C [0, a by (2.9) (Lf)(x)
To the desired end of proving (2. 
Remarks. As discussed in [6, 4] is similar, and we omit the details. This completes the proof of the corollary.
Remark. The convergence analysis presented so far can be thought of as an error analysis for the result of one converged inner iteration in computing the angular flux for a particular energy group in the numerical treatment of multigroup, discreteordinates, slab transport problems. For the general multigroup problems, the depen- The reader can easily deduce, by comparing (2.28a-c) with similar expressions for the linear discontinuous and linear characteristic schemes [1, pp. 118 and 120 respectively], that the storage requirements for the quadratic continuous method for effecting one inner iteration sweep are precisely the same as those for the linear discontinuous and linear characteristic methods, discussed at length in [1] Our numerical experiments will impose a sequence of nine uniform spatial meshes, with h 2-", 1 <-n <-9; and for each mesh generated, we obtain the corresponding approximate solution to (3.1) and (3.2) . We refer the reader to [1] , [5] for a discussion of the iteration procedure used to solve (3.1) and (3.2) Table 1 for IIM0(--(e)ll for n 9 are explained by the fact that the orders of magnitude of the errors in the cell-average approximations were not decreased when computations were done for n 9. This occurrence is because of the finite precision arithmetic and of the criterion (3.5) stopping the iteration. To see a rate of order four for IIM0( when n 9 for both methods, a stopping criterion of 10-13, say, should be used in (3.5) in conjunction with higher than double precision arithmetic. In Table 2 we compare the actual errors themselves for the cell-edge scalar fluxes generated by the linear characteristic and quadratic continuous methods. Our computations were done on an ITEL-AS/6 computer at Texas Tech University. (-2) .10356(-3) .64502 (-5) .40279 (-6) .25168 (-7) .15714 (-8) .96672 (-10) Quadratic continuous .89151(-1) .34249(-1) .18002(-2) .10540(-3) .64789 (-5) .40324 (-6) .25178 (-7) .15748 (-8) .99975 (-10) As a final comment, we would like to point out that the quadratic continuous method can be made to be "positive" (in that nonnegative flux approximations can be computed from nonnegative data) when < 6, by utilizing the "negative source 
